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The effects of weak static electric field on a cell-ftee glycolytic system, which is known to exhibit oscillatory behavior,

have been studied using an allosteric model (due to Goldbeter and Lefever). Linear stabuity analysis is used 1o determine
the change in the nature of stability and the consequent appearance of dissipative structures, due to the electric field. The
results show thai for this system all the necessary conditions for a field induced instability are satisfied. An order of magni-
tude calculation of the field strength shows that field sirength in the range 10-100 V/cm is required to produce observatle

change in the system’s behavior.

1. Introduction

Open chemical systems far from equilibiium are
known to exhibit stable states with spatio-témporal
organization. Such structures whose formation depends
on the dissipative processes in the system are termed
dissipative structures [1, 2, 3]. Often and especially in
biochemical systems, the reacting chemicals are in a
solution, and when in a solution some of the species
of molecules acquirs a net charge and become ions.

In such systems it is possible to introduce an addi-
tional transport mechanism, viz. ionic drift, by sub-
jecting the system to an electric field. The possible in-
fluences of this transport on the stability of the system
can be understood by considering its influence on the
growth of concentration fluctuations that occur locaily.
The system is unstable if the overall effect of the chem-
ical reaction and the transport mechanisms on the fluc-
tuations is to amplify them. Considering a small volume
AV in which a fluctuation occurs, we see that diffusion-
al transport in general tends to damp this fluctuation
and if the mobilities of the different ionic species are al-

most equal, the presence of an electric field simply in-
troduces an cverall drift motion on the fluctuation
without having any influence on its growth or decay.
However, if the mobilities are unequal then the differ-
ence in the drift velocities would amount to selectively
removing the faster ions from the volume AV, the same
being true if the diffusion constants are unequal. De-
pending on the type of chemical reaction, this selective
removal could result in the growth of the fluctuation
and have a destabilizing influence on the system. Re-
cently the general effects of static electric fields on the
symmetry lowering instabilities have been studied by
one of the authors [4]. Here we present a detziled
analysis of a two component system and apply ihe re-
sults to a wellcharacterized system viz. the cell-free
elycolytic system.

Glycolytic systems that exhibit oscillatory behavior
have been extensively studied [6--15]. These studies
indicate that the oscillations originate at the reaction
step involving the enzy me phospho-fructokinase (PFK).
Goldbeter and Lefever have developed an allosteric
model [5] for this reaction step, which accounts for the
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observed behavior with remarkable accuracy. For our
purpose we use this model to study the effects of
static electric fields on the dissipative structures of
glycolytic systems.

2. The Goldbeter—Lefever model

The overall reaction step that involves PFK is

ATP + fructose-6-phosphate
PFK -

———— ADP * fructose-1, 6-diphosphate
Observed oscillations in the densities of the mctabolites
originate at this step due to the interaction between
ATP, PFK and ADP. Experiments on phase shifts
show that fructosc-6-phosphate and fructose-2, 6-di-
phosphate do not play any role in the mechanism of
the oscillations [11, 15, 17] and hence it is sufficient
to consider only ATP as the substrate and only ADP
as the produci.

The Goldbeter—Lefever model (referred to here-
after as the G—L model) is based on the following as-
sumptions:

(i) The enzyme PFK is an allosteric dimer which has
two conformations, an active conformation which is
denoted by R and an inactive conformation which is
denoted by T ¥,

(ii-a) The substrate (ATP) is supplied at a constant
rate and it binds to both R and T forms, however, with
different affinities (i.e. in the ierminology of Monod
et al. [16] we have a K-system).

(ii-b) The substrate-R complex then decomposes ir-

reversibility to yield the product (ADP) and the enzyme.

The substrate-T complex does not yield the product,
ie. 1h,e R and T forms have differing catalytic activity
(in the terminology of Monod et al. we have here a V-
system).

(iii-a) The product which is a positive effector binds
only to the R-form.

(iii-b) The product is removed from the sysiem at a
rate propoi tional to its concentration.

The vahidity of these assumptions and their physio-
logical significance are discussed in deizil in an article

* At pH near 7 it may very well be that the active form of
PFK exists as a tetramer, but it can be shown that the results
are not changed in any radical way if we continue to regard
it as dimeric [18}.

by Goldbeter and Nicolis [18]. However, we have the
following comment to make regarding assurnption
(ii-b). Here we have assumed that the substrate-T com-
plex is totally inactive and does not decompose to
give the product. This assumption is not crucial to the
system’s oscillatory behavior and in fact G—L model
was later generalized [18] to take into account the
substrate-T complex decomposing to give the product.
Such an analysis shows that the essent.al features, and
in particular the nature of the symmetry breaking in-
stabilities, are unaltered. In the present work, since we
are interested in the effects of external field on the in-
stabilities, we adopt this simplifying assumntion.

Assumptions (ii-a, b) and (iii-b) drive the system far
from equilibrium while the differential binding and
catalytic activity give rise to cooperative nonlinear ef-
fects that are essential for the formation of dissipative
siructures.

On the basis of this model and some further assump-
tions, ihe kinetic equations of the system can be
written as (see [5] and [18] for details)

aﬁ{ [2Dgel(e+1)] a(i+)2[1+a/(e+1);
or “\7' T L(i+ac)? + (14)2 [1+al(e+ D2

} (13)

oy { [2Dge/(e + 1] a(1+7)? [1+af(e+1)] ]
F-T 2 2 » %27
L +ac)* + (1+7)* [1+e/(e+1)]-
(1b)

where a and -y are normalized concentrations [5, 16}
of the substraie and product resnectively; 6; is pro-
portional to the rate at which the substrate is supplied
to the sysiem; 0, is proportional to the rate of product
removal; L is the allosteric constant equal to ratioof T
form concentration to the R form concentration in the
absence of ligands; ¢ is the non-exclusive binding coef-
ficient which is a measure »f the degree of differential
affinity of the substrate to the two forms of the en-
zyme; Dy is the total concentration of the enzyme and
€ and a are quantities depending on the kinetic con-
stantis.

Further, in aqueous solution ATP and ADP acquire
a net charge due to the partial ionization of the phos-
phate groups, and as a result, in the presence of an
electric field the local densities will be altered due to
their mobility. Considering diffusion also then, the
change in the local densities of the metabolites is due
to (i) the chemical reaction, (ii) diffusion. and (iii) in
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the presence of an electric field, the ionic mobility.
Considering these processes the equations of the system
become [4]

%‘; =alo, — £} — V-(M,aF) + V-(D_Va) (22)

ay -

ar alZ — oyy] — V-(M_yE)+ V-(D,V7) (2b)

where
[2Dge/(e+ Dl a(1 +1)*[1 +al(e+1)]
L(1+ar)? +(1+7)? [1+ef(e+1)]?

D, D,y are the diffusion tensors for « and -y respec-
tively. Af_ and ﬂf_y are mobility tensors. Since the ion-
ization of ATP and ADP is not always complete, we
assume that the proper factor of multiplication is in-

cluded in A1, and A7_. Note that due to the direction-
ality introduced by the electric field the tensorial na-

>=

ture of the diffusion should be taken into consideration.

As to the electrolytic nature of the system, we make
the foliowing simplifying assumptions:

(a) There are other ions in the syﬂem (keeping in
mind all the other species of molecules that are involved
in the glycolytic pathways) such that the divergence of
the electric field in the solution is vanishingly small
when the system is in a homogeneous state, and the
density variations of the different ionic species in the
reaction give rise to {ocal fields that are very small com-
pared to the external electric field. We note here that
in the cell-free glycolytic system, at concentrations fcr
whick it is capable of giving rise to oscillatory instabil-
ities ATP is not a significant negative effector of PFK,
although the complex Mg-ATP could be. This has been
observed in muscle extracts {22, 23]. We therefore as-
sume that no Mg*™ is present in solution and that the
supporting electrolyte consists of other ions.

(b) The external electric field is static and in the =-
direction. Also, the field intensities under consideration
are low so that the effects of joule heating could be ne-
glected since it is known thai the glycolytic system is
sensitive to temperature [19]. We also assume that the
second Wien effect can be neglected.

(c) The mobilities A1, and M are scalars.

Denoting the diffusion constants parallel to the
field by D. and perpendicular to the field by D,, with
the above assumptions we can write equations (2a) and
(2b) as

g—a—a[ol =l -M Eg‘f
e
+D“(%22+aizz) 7+D“7%}}' =)

This system has two homogeneous steady states,
only one of them being physically acceptable. This
state is given by

Y0 =01/9, (4a)

_{[Dgel(et1)] M~ o [Lc+T2/(e+1)]} — T2

%0 {oy [Le2 + T2[(e+1)2] — 2Dg e [(e+1)2}
(4b)
where
r=(1+o,/o3) )
and
8 =20, L[Dyelle+ )} [1/(e+1) -]
+ [DpeTe+1)]2 —oT L1/(e+1) —c]? . (6)

3. Field induced instability

To investigate the nature of stability of this steady
state, we linearize the system of equations (3a). (5b)
about this steady state, and taking the Jourier trans-
form of the perturbations from the steady state da
and &y we obtain

(o) Feoo ()

( —(Dy k2 + D, k2 +iEM_k.) 0)(5a) -
+
0 —(Dy ky+ D K2+IEM k, /T 8y / *

where F' {ag. vg) is the Jacobian of the non lmear
Kinetic part evaluated at (ag, 7o) and A + A‘. is the
transverse component of the wave vector.

If the diffusion coefficients and the mobilities for
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both the components are the same, i.e., if Dy, =Dy,
=D,,= Dl,, =Dand M, = ﬂi,, = M, then the eigenval-
ues A; of this system are of the form

A = A — iEME, — D(k2 + k2), ®

where A is the eigenvalue of F'(ap, 7p)- In this case
we see thai diffusion makes the system more siaole
while the ionic mobhility alters only the frequency of
oscillation. For the nature of stability to be altered by
the ionic mobility, it is necessary that the mobility of
the components be unequal. In the glycolytic system
this condition is satisfied because the ionic mobility
of ATP and ADP are unequal. Since it is the difference
in the transport coefficients that changes the behavior
of the system, it is convenient to define

Dy, =Dy, +8,, D, =D, %85, (92a.b)

M,=M_+pu, A=—(01kZ+8,k% +ifn) (9c.d)

and rewrite eq. (7) as

) (ba) [(C 0) (a“ aj, )] ('60:)
= = +
or 5‘)’ 0 C ay [y T+ A 67
(10)
where C= —(Dﬂa,‘ +Dmk~ +iEM ) and g;,4,j= 1,
are the matrix elements of F (¢, 'yG) The elgenva]ues

of this system will be of the form
A=CHA, an
whzre A" is the eigenvalue of the second matrix. The
characteristic equation 1hat determines X' is
N2 —=N(ayy +az ¥ A tayany taA - a3,4,2=0
the roots of which are

, _@ptantAa

£ )

+{(a” +ta3,+ A —A(ay a@x; ta A - a5a13) |12

2

With
d=(ayy +az;)? —Hayjax; — ay3a31) (12)

o =(k287 +k25,)2 — k2 p2E2

—Z(kzﬁl +k§62)(ﬂ22—'ﬂll) (13)

and

8= —2k:Fkay; — ayy) — (K28, +4285)] (14)

these roots can be written as
A SR, U, (15)

where

G, ta,5 T+ A
R. = Re[c+i—,,£—]

-2

.[(d+a)+\/(d+a)’+a }"2, 16)

2

Z

I, =Im [C+

£l {\/(d +a')2 +ﬁ-— (d +a)}lp a7

The system becomes unstable when R > 0 with a lin-
ear frequency of oscillation I, /27.

We are interested in the possibility of inducing an
instability through an electric field. This will be pos-
sible if the largest real part R, is negative for E less
than a critical value £, and becomes positive when £
exceeds E,. If this condition is satisfied, then as the
field strength is increased the system will become un-
stable when £ reaches the critical value E, and this
induced instability will result in the formation of a
spatio-temporal dissipative structure.

From the above expressions the stability of the sys-
tem in three dimensions can be infzrred, and In general
it will not be identical to the one dimensional case due
to the dependence of @ and B on the transverse com-
ponent of the wave vector. However, for the sake of
simplicity and in order to compare our results with
those of Goldbeter and Lefever’s analysis, which is in
one dimension, we consider the special case of one di-
mens:on In this case we see that R is a function of
k' and E2 and we consider it as a fam.ly of functlons
ofl. parametrized by E2. Withz = k' and y = E2u?
we write

Ry (@) = (ayy taxn)2 —q(D +56/2)+3 Vg, @)/2

where (18)
gM)=d +1%6% — (¥ + 2(a — ;1) 8)
+ {[d +n2¢2 _77(}’+2(022—”11)5)]2 (19)

+4ny[(asn —ayy) — 1812172
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Here we have dropped the subscripts for D and &, since
we are considering a one dimensional system.
From these equations it follows that R, (%) has the

property

(a“ +ﬂ?_2)/2 ifd<0

R,(0)= 20)
(ayy +az2)/2 +/d/2 ifd>0

The case of & < O comresponds io kinetics that give rise
to an oscillatory instability, and since the glycolytic
system has an oscillatory instability, we consider this
case.

To determine the points of instability, we need to
determine the conditions under which R, () crosses
zero, the critical points being the zeros of R, (7). The
qualitative dependence of Ry, () on the electric field
can be understood by noting the following properties
of g,,(n), which are proved in the appendix

(1) g, () = 0 and is monotonic in y if 2),a5; <O
(ii)yktn V& (M)2=Kayy —ay ) —n3l (n=0)
(iii) For large 7, g ~l@n—a;;)—n51

(iv) dg;, (0)/dn = 2y (ay; — a;7)?/1d|

From these properties we know qualitatively the be-
havior of the family of functions \/g}, (17)/2 and the
zeros of Ry, (n) are the points of intersections (if any)
of tlie straight line

2(D +5/2) — (ayy +an)/2 (A)

and ‘the curve

3} Ve, iz (B)

The requirement wat the svstemn be stable in the ab-
sence of the clectric field is satisfied if (g, +a5,) <O0.
This together with the asymptotic behavior ofgy )
expressed by property (iii) implies that a necessary
condition for (A) and (B) to intersect is

—(ay; tax)<lax; —aypl. a1

Fig. 1 indicates the case whend <0 and (a3; — ¢4;)
and 8 (= D, — D) having opposite signs. By property
(i), we see that the curve (B) moves upwards as the
field strength is increased. The condidon gy,a,] <O
means that the interaction between the two compo-
nents of the system is such that the destruction of one
compunent leads to the creaiion of the other. and
clearly this condition is satisfied for almost all two
component systems. Properties (ii) and (iv) then impiy

%22l _ .- - 2
2

Q,
"(n.i%__za Es>E

(a)

%

Fig- 1. The family of curves (B) for varying values of the electric field. The critical points are the points of intersection with curve
(A). Curve (B) tends to the d.shed line as the field strength tends to infinity.
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that for sufficiently iarge v, curve (B) will intersect the
straight line (A). This in turn implies that R, (7)) will
cross zero and that the system will become unstable
for sufficiently large y (i.e. field sirength). The case of
& and (g5, — @) having the same sign, leaves the be-
havior of g, (1) unchanged for small and large %, and
only the behavior for intermediate values of 7 is differ-
ent from that shown in fig. 1.

Hence we see when d < 0 i.e. when the system has
an oscillatory instability, condition (21) is necessary
and sufficient for the field to induce an instability.

Also it is easy to see that condition (21) is a reflec-
tion of the general resuit that the real parts of the
eigenvalues of 4 + iR, where 4 and B are real matrices,
are bounded by the largest and the smallest eigenvalues
of (4 + AT)/2 +i(B — BT)/2. If Bis diagonal, as is the
case with the mobility matrix, any change in the nature
of stability should occur within the bounds of the
eigenvalues of (4 + AT)/2. if the largest eigenvalue of

(A + AT)/2 is negative, then the real parts of the eigen-
vaiues of 4 + i8 are negative regardiess of B.

4. Numerical study

The results derived above being applicable in general
to any iwo component system with an oscillatory in-
stability, we now return our attention to the glycolytic
system. The G—L model of the glycolytic system gives
[5,18}

ayy = —aAC, a4, =aBC—o0ya, ay,=aBC,

ayy = —aAC, (22a—4a)
where

A =L +yg){agel2/(e+1) —c] + 20p/(e+1) + 1}

+(1+79) 31 + g l(e+1)]2, (23)

LOG Oy

-0} T

—_—,

—

2 3 - 3 6

7 -]

0
LOS L

Fig. 2. Stability diagrams in the L -0, plane for various values of £ in V/cm. (A) £ = 10 V/cm; (B) £ = 50 V/cm; (C) E = 100 V/cm.
The values of the other parameters are oy = a,f2,C= 10_2,5 =10} ,Dg=5X% 10‘“.0 = 10fmM s, Do =Dy= 10—¢ cm® /s,
M=10"5em® volt~! s~ 1, u=10"5cm* volt—' =~ . 1n region I the steadv states are stable. Region 11" has field induced instabil-
ity leading to spatio-temporal oscillations. Region 11 has homogeneous oscillations. Region 111 has no physically admissible steady

states.
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Fig. 3. Stability diagram in the L-¢ plane for various values of £ in V/em. (A) E =0 V/em: (B) £= 10 V/em: (C) E = 50 V/em;
(D) £ = 160 V/cm. The values of the other parameters z;2 € = o™t Gy = 1078 51, gz =3 X 107° s"',Do =s5x10% a=
10/mM s, Do = Dy = 107 cm? /5, A7= 1075 em® volt~ s™1, p = 10~ 5 em? volt ! s~!. Regions I, I1, 11" and 1l are as in fig. 2.

B =2a5L(1 + e+ D)(1 + )2, (24)

c- 2IDef(e+12] [1+7¢]
L1 +ape)? + (1 +99)2 (1 +ap/(e+1))

Numerical calculation shows that for empirically mean-
ingful values of L the allosteric constant, ¢, the nonex-
clusive binding coefficient, oy, the subsirate input and
v, the product removal rate, condition (21) is satisfied
and the system can undergo an instability induced by
the electric field. (Note that a;,4,; <Osince 4, B, C
and z are positive by definition.)

1n order to obtain the order of magnitude of the
field strengths necessary to induce an instability, a
numerical calculation was performed and the stability
diagrams in the L-o; and L-c planes are shown in figs.
2 and 3 for values of £ between 10 and 100 V/cm. Tne
values of the parameters are chosen according to the
data obtained by Blangy et al. for E. coli {21]; also see
[5] and [8].

The diffusion coefficients were given the value

(25)

10—6 cm?2/s. With this value for 2 the mobilities were
estimated using the relation /D = Ze/k T and an order
of magnitude value of 1 = 10~3 cm—1 vol—! was used
in the computation.

The linear period of oscillation, i.e. the period of
oscillation close to the point of instability, for various
values of the electric field are shown in table 1.

5. Concluding remarks

Some of the general effects of electric f_elds on dis-
sipative structures emerge from this analysis. The in-
duced instabilities are in general spatio-temporal.
Further, we have an additional degree of freedom in
controlling the stability of the system and we have
shown that these instabilities arise for low enough val-
ues of the electric fields. Due to this additional control
we now have on the system, it should be possible to
measure some physiological quantities in biological sys-
temns by knowing the critical points of field induced in-
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Table 1
'L.ir-elar period with corresponding values of g;. ¢ = 102 s€ =
10—

jlog L E=10 E=50 E =100
55 X Os 10s

(loggy = 6.76) (oge; = 7.1)
6 X 3is 55s

(og oy = 7.5) (ogo; = 8.4)
7 295 s 75 s 74 s

(logoy = 8.25) (logoy =10.1) {Jog oy =10.7)

X denotes no field induced instability.

stabilities. For example, if we know L and c in the
above system and if the system is in the stable region 1,
by noting the value of the field that induces an instab-
ility one could obtain the value of 6;. Clearly one
could expect this to be a general feature in that the
electiic field can be used as a probe to obtain informa-
tion about the system.

Also an immediate implication of these resulis
comes to mind on considering that the glycolytic path-

Appendix

way in its full generality (involving more than the two
variables we have considered here) is siill, at the pres-
ent time, a likely candidate for the role of master os-
cillator in carcadian and infradian periodicities. It seemns
easier to undurstand from these resulis why <¢lectric
field-induced shifts are in fact observed in circadian
rhythm.

We hope to publish in the future a note on the ap-
plication of the prestnt resuits to the modulation of in-
fradian periodicities in pacemaker neurons of inverte-
brate ganglia.
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g, (M= d+ 7782 — (v + 2(@s2 — @y, )8) + {[d + 9282 —q(» +2(ay; — a11)8)N2 +4ny asp —ayy) —nd]2}1172

(i) Since y = 0 by definition g,, () = 0.

Using the definition of d given in eq. (12), we can write g () as

g},('n)= [(ﬂzz—ﬂ“) -725]2+40|2021 - NV ”("’732—‘111)—‘7}8)2 +4‘7]2”2] —7D’]2"'47?)'[(“32—‘7“)—7?5]2}“2

(A1)

which can be wriiten as

g () =(a +4ayray) — ) + {(e + 4ayzay;, — )? + dnya}i2 (A2)
where

a'='[(a22—a“)—7)5]2 (A-3)
Taking the derivative with respect to y, we obtain

d (@ +4ayya5y — ) —2a

Fus@=- {1 + — 5 i (A.4)

- {(@ * 4aya5y — p)* + 4pa}ils
which can be rewritten as

d 4y243) — WY —a

.8 (n)=—n{l + } (A.5)

4 (421305 —w — @) + 163 a3, 1112

The rhs is positive if ny > —a + 4ay5a,; and @962 < 0. Since z and 7 are positive by definition, ;50,3 <0isa
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sufiicient condition for g, (m) to be monotonic in p.
(ii) Eq. (A-2) can be rewritien as

g (M) =(a + 4ajya5; —w) + {(Bagpa0; — 7 —@)? +16aa;5a5 Y 2.

For 7 % 0 and large y we gei

. Baapay
gy(m) = (a+4ay,ay, — )t l4ayay, — 1y —al {1+ 5 (A6)
(A4ay2a>, — W — @)*
when nv >a +44y,a5; we get
8aa)jay;
ES + =
gy(ﬂ) 2a |4a12a31 -7y —al
Hence
}!—_f’w \/gy (n)/2 =‘\/;= layy — ayy —7b| (A7)
(iii) Computing the derivative of g with respect to n, we get
d _ d+ n?—az - 75 2 2}’(0 — 37]5)(0 - 775)
%g).(n)—{l +\f[d+ TE 5 5 ('25-72—s)+\/ =5 = ==
n°8= — s} +4nyia—n8] [d+n°8~ —ns]* +4ny]a nﬁl(AS)
where
s=y +2ay3—ap;)8, a=(ayy —agq).

When 71 = 0, since d < 0, we get
dg,, (0)/dy = 2y a/ldI, (A.9)

which could be made arbitrarily large by increasing y’ (i.e., by increasing the field strength).
(iv) To determine the asymptotic behavior of\/gy 7)/2, we write g (1) in the form

gmM=(@+b-c)la+b~c) +4aci!f? (A.10)
where
a=(a+y —ar; —m8)?, b=da,ay, c=qy,
which could be rewsritten as
g@=@+b—c)+ {(a+b+c) —4pc}ll2.
For large 7, la + b + ¢| > |bcl, and making a binomial expansion and neglecting the small terms, we get
gM=~@+tb—c)+@+b+c)=2a+h).
Thus for large 7 we get
V&, (2 ~~a+ b ~layy - ayy ~nd]. (A.11)
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